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Introduction
TTN high-enthalpy wind-tunnel facilities, the stag-
JLnation chamber pressurep0 and the mass flow rate m can be
measured directly. The stagnation chamber temperature T0,
which lies typically between 2000 and 5000 K, has to be deter-
mined indirectly. This often is done by the simple assumption
of inviscid, one-dimensional flow in the subsonic part of the
nozzle. * For a diatomic gas such as nitrogen, Bachour and Er-
dtel2 additionally assumed that the flow was in ther-
modynamic equilibrium up to the throat and vibrationally
frozen thereafter. Car den3 assumed the flow to be frozen all
along the nozzle. The complete neglect of viscous effects in
the subsonic part may be questionable in low Reynolds num-
ber flow. In particular, the neglect of the wall cooling could
lead to substantial error in the T0 computation. The T0
calculated from an inviscid flow model in effect replaces an
actual nonuniform T0 profile at the throat by an average
uniform one of magnitude smaller than the actual stagnation
temperature on the axis at the throat.

Since this computed T0 generally is used to analyze the
flowfield in the uniform core at the nozzle exit from ex-
perimental pitot pressure surveys, one may expect significant
errors in the calculated test chamber conditions. The purpose
of the present note is to suggest an alternative method, based
on slender channel analysis,4 for the calculation of an average
stagnation chamber temperature from experimental p0 and
m. This method takes into account viscous effects, wall
cooling, and vibrational relaxation for polyatomic gases in
the subsonic part of the nozzle. In connection with thrust
calculations for microthruster nozzles, Rae5 presented a
scheme for the numerical solution of slender channel
equations with wall-slip boundary conditions for frozen flow.
This scheme has been modified and used to calculate
flowfields in low Reynolds number hypersonic nozzle where
slender channel equations appear to describe the flow
adequately.6'7
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Governing Equations and Method of Solution
Slender channel equations for two-dimensional and axisym-

metric frozen flow have been presented in Refs. 4-7. The
equations are formally identical to boundary-layer equations
except that the pressure gradient dp/dz along the channel is
not known a priori. We present here only a vibrational rate
equation, which we obtained by subjecting a modified form
of rate equation of Lunkin8 which takes care of diffusion to
slender channel ordering:
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Here e and e* are vibrational and equilibrium vibrational
energies, z and r are axial and normal coordinates, u and v are
axial and normal velocities, and p and T are density and local
relaxation time, respectively. Prv is a vibrational Prandtl
number defined as. Prv = fj£vib/kvib, where /z is a viscosity
based on translational temperature, and cvib and &vib are
vibrational specific heat and heat conductivity, respectively.
Reference 8 has shown that cvib/kvib = l/pDiif whereDn is the
coefficient of self-diffusion. For simplicity, we have used Prv
= 0.72.

The wall boundary condition of Eq. (1) is difficult. For
"wall-slip," a vibrational temperature condition has been
used in Ref. 7. For the no-slip case, we assume a boundary
condition, as is the practice for dissociated boundary layers
with wall recombination:

vp Prv)cosd(de/dr) ] w (2)

Here $ is the wall inclination angle, subscript w stands for
wall, and av is the wall catalyticity for vibrational duxcitation
and has the dimension of velocity. We notice that av — oo will
mean a perfectly catalytic wall and ew = e*w, and av^Q will
mean no vibrational heat exchange with the wall. Following
Rae,5 we derived a stream tube relation from the continuity
equation by replacing z derivatives of all flow variables in
favor of the axial pressure gradient dp/dz by using momen-
tum, energy, rate, and state (perfect gas) equations. This
equation is

d/dr[r(v/u]=B1 (dp/dz) + B2 (3)
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Fig. 1 Calculated vibrational and equilibrium vibrational energies
along the nozzle axis and experimental heat-transfer coefficient hc for
nozzle of Ref. 3, run 2.



MARCH 1976 TECHNICAL NOTES 407

where

pu*

1
puhtr

d
dr

d
dr

V-r

J_
P

a7

L~Pr~ dr J

_ r_to T -JL-
?\r uhtr(r 1— Or —1 "

e * —

/* ,r = translational-rotational static enthalpy

Equation (3) was integrated across the nozzle to obtain an ex-
pression for the pressure gradient:

dp_
dz

rw(drw/dz)

B}dr

N(z)
D(z) (4)

Equation (4) is analogous to the stream-tube relation in one-
dimensional in viscid nozzle flow. In a nozzle with given initial
boundary conditions, there will be a saddle point where both
N and D will become zero when the critical mass flow rate mc
is used in the computation. For this mass flow rate, the slen-
der channel equations will have a solution that is supersonic in
an average sense when £><0. To find this mc, Ref. 5 has
presented an iteration scheme that finds, for a nozzle with
given initial boundary condition, a nondimensional mass flow
rate ^4sup (for supercritical flow) and Asub (for subcritical
flow) in such a way that 04sup—^4sub)< 10~4. Then non-
dimensional critical mass flow rate is taken as the average of
the two. The nondimensional mass flow rate A is defined by
the following formula:

A=m/(2h0)l/2
Po2Trr*2

where r* is the throat radius, subscript 0 stands for stagnation
chamber value, and h is enthalpy. In the present work, the
scheme of Rae5 was used differently, and, instead of finding a
new rh from given p0 and T0, we calculated-at each iteration a
new T0 from experimental p0 and rh. Although in non-
dimensional flow equations5'6 the parameters that were func-
tions of PQ and T0, such as characteristic Reynolds number Re
defined as (2h0)V2r* PO)/^O and f°r nonequilibrium flow the
cp and characteristic Damkoehler number Q defined as /**/
(2h0)V2T0), also changed in each iteration, the scheme con-
verged and calculated the desired T0.

Using finite-difference scheme, the flow equations have
been solved numerically. Unlike in Ref. 5, the step-size in nor-
mal direction was staggered so that a comparatively large
number of steps could be used near the wall for better ac-
curacy and computational economy. The pressure gradient
calculation by Eq. (4) breaks down with no-slip boundary
condition because of the algebraic singularity in the in-
tegrand. This singularity was removed by multiplying Eq. (3)
with u2 and integrating it to obtain an expression for dp/dz.
The resulting expression has the same characteristics as Eq.
(4). It has been shown elsewhere9 that this expression of dp/
dz for the no-slip case also could be used in the extrapolation
scheme through the saddle point, as suggested in Ref. 5. All of
the results presented here are for no-slip cases.

To compare with experimental results, we have also
calculated the power content P in the flowing gas and the wall
heat-transfer coefficient hc by the following formulas:

P=<

where i = h+ (u2/2) , and hc = (dP/dz) /(Taw- Tw)2irrw

where adiabatic wall temperature Taw is obtained from the
formula

(Taw-Tax)/(Tw-Tax) =

Tax is the temperature on the axis, Tw is the wall temperature,
and Pr is the Prandtl number.

Results and Discussion
We have calculated flowfields in the three nozzles of Refs.

1-3. These nozzles are similar in geometry, with circular sub-
sonic parts and conical supersonic parts. In Ref. 3, Garden
presented experimental /?0, m, and wall heat convection coef-
ficients hc. Even though the flow medium was nitrogen, Car-
den3 calculated TV from one-dimensional isen tropic frozen
flow equations. Table 1 presents our calculated T0 and
estimated values from Refs. 1-3. The isolated influence of
heat conduction on T0 in results of Garden3 and Papanikas1

can be seen by comparison with our frozen flow calculations.
The differences are 1% and 18%, respectively. We shall make
a detailed comparison with experimental results of Garden. 3
The characteristic Damkoehler number Q in this case is 0.275
and 0.285 for noncatalytic and catalytic wall, respectively.
For such values of Q, the assumption of frozen flow is
questionable. Our calculation with noncatalytic wall shows
that vibrational energy constitutes 14% of initial P0 of 1921 .5
J/sec, and of this vibrational energy 16% comes in expansion.
The upper half of Fig. 1 shows that the centerline vibrational
energy freezes at 86.5% of its stagnation chamber value 5r*
downstream of throat. These facts suggest that non-
equilibrium calculations should represent the flowfield
more accurately. The lower half of Fig. 1 shows that the
frozen flow calculation produced values of hc smaller than the
experimental values in the throat region. Interestingly, the ex-
perimental hc values lie between the two nonequilibrium
calculations, but closer to the calculated values with non-
catalytic wall. We have calculated flow with noncatalytic wall
by taking OLV<\. Unlike in Ref. 3, no wall temperature was
reported in Refs. 1 and 2 in the subsonic part of the nozzle.
We have assumed a wall temperature distribution. Figure 2
shows assumed wall temperature, P, and hc distributions
along the nozzle for argon flow. l The power loss due to wall

uoo-
Inviscid

/Loss,aue'to'wail cooling/

Present calculation

puirdr Fig. 2 Wall temperature Tw, wall heat convection hc, and total
power in the gas P along the nozzle with argon flow of Ref. 1.
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Table 1 Experimental conditions and calculated T0 from present work and Refs. 1-3

Papanikas' nozzle,
argon,

P0= 0.408 atm,
m = 0.695 g/sec,

T0,K

Bachour's nozzle,
nitrogen,

P0 = 1 atm,
m= 0.9 g/sec,

T0K

Garden's nozzle,
nitrogen,

Po = 1.21 atm,
m= 0.4536 g/sec,

T0K

One-dimensional isentropic frozen
up to throat

One-dimensional isentropic
equilibrium up to throat

Slender channel frozen

Slender channel, vibrational
nonequilibrium, fully catalytic
wall

Slender channel, vibrational
nonequilibrium,

3234

3828

2800

3195

3179

3373

2875

3598

3516

3486

cooling was 225.5 J/sec, nearly 16.5% of the initial power in-
put. The value of P at the throat was 1135 J/sec, and the
average T0 at the throat was 3140 K, which was quite close to
the T0 calculated from the inviscid flow model.

Flowfields at the nozzle exit computed by the present
method have been presented in Refs. 6 and 7. Generally, they
compare well with available experimental results. We may
conclude by noting that slender channel equations provide a
realistic alternative way to calculate average stagnation cham-
ber temperature in high-enthalpy, low Reynolds number
frozen or vibrational nonequilibrium nozzle flow from ex-
perimentally measurable data of p0, m, and nozzle wall tem-
perature. The present method is more time-consuming than
simple one-dimensional inviscid approximation but should be
recommended for flow with high stagnation temperature
where the nozzle wall is subjected to intense cooling. Our
calculations show that for such flows the T0 calculated by the
inviscid flow model may lead to error up to 20% for argon
and 10% for nitrogen. It also should be noted that zero wall
catalyticity for vibrational energy in a cooled-wall nozzle
compares better with experiment than fully catalytic wall.
Further modifications of the present method to include
dissociation of the flow medium are underway.
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Temperature Measurements in Rail
Electrode Cross-Flow Arcs
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T^EMPERATURE diagnostics in cross-flow arcs have
A been previously reported for pin electrode configurations

operated with an applied transverse magnetic field.1'2 and in
the absence of such a field,3 i.e., with forced convection
alone. The rail electrode arrangement frequently is found in
circuit breaker applications; here, interactions of the magnetic
field with the arc column play an important role. As an initial
step in the study of the time-varying, nonstationary cross-flow
arc, the experiments reported herein were carried out upon a
steady-state rail electrode configuration, which was main-
tained stationary (i.e., "balanced" with respect to flow and
magnetic effects) through application of a magnetic field
transverser to the mainstream flow.

Tests were conducted with a 100 A argon arc operated at
about 840 Torr. The mainstream flow velocity ranged from
about 3.7 to about 7.3 m/sec; the maximum value of the ap-
plied magnetic field was 68 G. Electrode spacing was 1.27 cm.
Experiments were conducted in an open-circuit test facility,1-3

the test section of which was 43 cm long with cross-section
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